Lecture 2 - Matrix Norms: Low rank Approximation

Gidon Rosalki
2026-10-20

1. Reminder

Definition (SVD): Let there be M € M, ,,,,(R). The SVD of this matrix is:

nxm
M=U-%.-VT

Where U,V are orthogonal. The columns u,, ...,u,, of U are orthonormal basis for R™, and the columns
vy, ..., U, of V are an orthonormal basis for R™.

o ¥m

Y is a diagonal matrix where Vi # j, ¥,;; = 0. Note that X is not necessarily square. We denote the values
of the diagonal oy > 04 > ... > 0, : kK = min(m, n).

Definition trace:

IEP: E,F C R™, then dim(F + F) = dim(F) + dim(F') — dim(E N F') where £+ F = span(E U F))
For B: R™ — R”, dim(ker(B) + rk(B)) = m

2. Matrix Norms

Definition (norm): A norm on a (real) vector space V is a function ||-| : V' — [0, inf) such that:
l. |z =0<=2=0 VzeV
2. Triangle inequality: |z +y| < |z|| + [y| Vz,y € V.
3. |az| =|al|z] VzeV,aeR

2.1. Examples
For V =R"
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foloe = _max |z,

2.2. Matrix Norms
This is a fancy name where we take V' to be the vector space of matrices: V =M
example, for M € V:

(R) =2 R™™. For

nxXm

1. The operator norm / spectral norm is a measure of the size of a matrix, how much it can increase a
vector v:

[M]op = max{[[Mv] : v € R™, [v]| = 1}

Recall that | M|, = oy, the largest singular value of M
2. Frobenius norm:

.
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Claim: |[M|% = tr(M - MT)
Proof:
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Claim: |M|p = (Z ag)
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3. Low Rank Approximation

Definition rk(M) = rank(M) = dim(Im(M))
Claim: Let M € M,,,,(R). The rank of M is the minimum number r such that

R): M=A-B

nxXm

JAeM,,,(R),BeM

nX’I‘( 'r><m<

It is clear that rk(A) < r Ark(A - B) <rk(A) < r. Therefore, if M = A- B = rk(M) <.

Claim: Suppose that the singular values of M are o, > 05 > ... > 0;, > 0. Then rk(M) is the number of
non-zero singular values.

rk(M) =max{i : i < kA o; > 0}

Proof:
M=UxVT
oou; if1<i <k
Moy = {0 if i >k

Therefore, Im(M) is spanned by u, : o; > 0.

Question: Given M € M,,,,,(R), find B € M,,,,,,(R) of rank < r that minimises |M — B|,, and
|M — B|p.

Definition: Given diagonal matrix 3, and r < k, replace the last k — r singular values on the diagonal
with 0.



Theorem: For every matrix B of rank < r, it holds that |M — B| > HM - UZ, VT| , for both the

Frobenius, and the operator norm:

|M —Blp> M- UE(T)VTHF

1
k 2
— 2
= E o;
i=r+1

|M — Bl,, > ||M - US,, VT

op
= 0r+1

Proof: This proof requires the Min-Max Theorem for singular values (below). Proof given below.

Theorem (Min-Max Theorem for singular values): Let M € M,, ... (R), with singular value
decomposition M = UXVT.

V1 < i < k= min(m,n)

dim(E)=i \|v|=1

= min max | Mu|
ECR™ veE
dim(E)=m—i+1 \|v|=1

The second equality will not be proven, but is left as an exercise.
Proof (of first equality):

1. We need to show that there is E C R™, dim(E) =i : m@En | Mv| = o,
ve

lvl=1
2. For every E C R™, dim(FE) = 1, it holds that miEn <o;,thats v e E, |v|=1:|Mv| <o,
ve
[ol=1

1. Proof: We will choose E = sp{vy,...,v;} = dim(E) =i. Let v € E, |v| = 1. Let us write
i
v=2 a5
=1
1=fol =3 a?
=1

i
Moy = oszvj
=1

3
= Zo‘j%’“j
j=1
7
= |Mv|? = aZo?
J=1
|Mv| >0, YveE,|v=1
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Mo|? = a0
| M| Hor
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> 0; aj
Jj=1

— 42
=0}

Choose v=v;,:v € E,|v|=1A



| M| = [ Mo,
= |loju,]

:U’i

2. Proof: Given E, we need to find the vector, rather than choosing E:
Let E C R™ of dim(E) = i. Consider F = sp{v;,v; 1, ..., V,, }, dim(F) = m — i+ 1. Therefore
dim(E) + dim(F) =m +1
dim(ENF)>0
Let ve ENF of |v| =1.
l.veE,|v|=1
m
2. v= Zajvj since v € F.
=i

m
1=[v] =)o
j=i

Mv = iajMvj

=
k
=i

k
= [Mv|? = a2o?
j=i
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< 01-2

Theorem (Interlacing of singular values): For a matrix M;, we denote by o,(M) the i-th singular value
of M. M,B € M,,,,,(R) and rk(B) < r. Then

(M) 2 0,(M + B) = 0;,,(M)

>r

Oi—r

Proof (of second inequality, uses Min-Max): We will construct £ C R™,dim(F) = i such that

Vo € B, v =1: (M + B)v| > 0, (M)

Note that dim( ker (B)) > m —r. Let us take
{v:Bu—=0}
F =sp{vy, ..., Vi }
E = F Nker(B)
dim(E) = dim(F Nker(B))
> dim(F) + dim(ker(B)) —m
>(+r)+(m—r)—m

=1

We may show Yv € E : |(M + B)v| > 0;,,.(m)
e (Mp)v= Mv since v € E C ker(B)
o |Mv| > o,;,, since v € sp{vy,...,v; .}



Theorem: M = ULV, For every matrix B of rank < r, it holds that |[M — B| > ||M - U%, VT”, for
both the Frobenius, and the operator norm:

|M —Blp> M- UE(T)VTHF

1
k 2
— 2
= E o;
i=r+1

|M — Bl,, > ||M - US,, VT

op

- 0r+1

Both inequalities are sharp (meaning that we may find B such that they are equivalent, where B =
UL, VT and is left as an exercise)
Proof:

o;(M —B) 2 0;,,(M)
||M_B||op = UI(M_B>
2 Ur+1<M)

k
|M — Bl =) oi(M — B)?

=1
k
> Zai+r(M>2
=1
k
-y o
=r+1



4. Linear PCA

Let there be vectors zq, ..., x,, € R™. Let there be linear maps B : R® -+ R", and A : R” — R"”. We want
to find A, B, that minimise

ZHABQ% —
i=1

The best way to do this is to perform SVD on the data. Let
X=(zy ... z,,)=ULVT

L.e., create a matrix X, where column 7 is the vector z,. Additionally, let P = AB, which is of rank < r.

So

> 4Bz, — ;| = |X - PX[3:

=1

Solution: PX = UX,, V"
PULVT =UZ, VT
PUY =UY,
UTPUY =%,
UTABUY =%,

ui
= A= (uy ... u,) B=:
uy
So
ui
P=A-B= (ul ur)
ur

which is the projection on sp{uy,...,u,}
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