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1. Linear Recurrence
Definition (Linear Recurrence Relation): A linear recurrence relation is an equation of the form

k—1
KXotk = E CiTpti
i=0

Where {¢;} CR, and k € N is fixed. k is called “the order of the recurrence relation”.

Example (Fibonacci):
1
Tpy2 = Z Lrti
=0

k—1
So, a solution to the recurrence relation is the sequence @ = (ai)ieN SO = g Ci1Q;sp-
=0

In order for this to be defined properly, we need some initial condition. Let usisay that (ai)ieN e RN. We
will denote by S the set of all the solutions to linear recurrence relations. Then, S is a vector field. As is

required by a vector field:
1.oes
2. Closed under addition: If we suppose the two series (a;), g, (b;),_» and we define

((@) + (b)), = a, +b,

So, to check if a + b € S:

k—1
a’n+k = E :Cia’n—i-i
=0

k—1
. /
bk = E :Cia’n-i-i
i=0
k—1

Uyt + bngr = Z ¢i(@nyi + byis)
i=0

As required.
3. Closed to scalar multiplication: A € R,;a € S, Aa € S: Trivial.
Since we have a vector field, it is natural to ask questions about its dimension. Let us define
7:8 = RF
ﬂ-((ai)ieN) = (ay, -~-7ak)T

We will claim that 7 is a linear isomorphism. In order to check this:
1. We need to check that it maintains linearity:

m(aa + Bb) = (aal + By, s sy + ﬁbk)

As required.
2. Is it a one-to-one function:

a+b= n(a) =m(b)?

No. Let us assume by contradiction that Ja # b : w(a) = m(b). Therefore there exists some minimum
m for which a,, # b,,, and therefore so to they will be different after applying =

3. “into”: Vr € R*, we want some s, € S for which 7(s,) = r. This is equivalent to asking given a
function f: R — R, and f(x) = 2z if it is true that f(R) =R, i.e. Vr € R3w : r = 2w. This is fairly



trivial, since the first k elements may be arbitrary, and are not restricted to anything. We are
defining that a,,,, is based off the sum of the earlier elements.

In order for a linear isomorphism to exist between two spaces, they must have the same dimension. This
means that the space with infinite sequences S has a relatively small dimension.

Additionally, since it’s one to one, we have infinite solutions. We can now reconstruct the basis of this. If
we take {ei}k=1 to be the standard basis of R¥, then the collection {7~1(e;)} is the basis of S.

%

2. Matrix form

k—1
Recall that z,,, = Z iTpyi- We may also write this in the form of a matrix:
=0
0100 0
0010 0
A=]10 0 0 1 0
CO Cl 62 Ck—l

X = (Tp, Tysty oor Tpgo1)

k-1
AXn = | To+1r Tpy2s "'71"n+n—17zcz’xn+i
i=0
Tntk
= Xn+1 = AXn
= X, = AX,
= AAX,
= A%X,
— X, = A"X,
Let us assume that A is diagonalisable: 3P, D € M, (R), s.t. D is diagonal, then A = PDP~1. So,

— Al — Al+n — I4+n p—1
Ty =A%, =A""ry=PD"""P g,

This neat feature means that the n-th power of a k x k diagonalisable matrix may be computed in
O(k3logn).

3. Characteristic Polynomial

Definition (Characteristic Polynomial): The characteristic polynomial of matrix A P,(x) = det(XI —
A). If X is a root of P,(X), then X is an eigenvalue of A.

Note that eigenvalues are useful, since if A is diagonalisable, then D will be a diagonal matrix, where the
eigenvalues are the main diagonal.

Claim: The characteristic polynomial of A is

i=0

Proof.: We will prove by induction. When k = 2, then det(zl — A) = det( l; m_lc ) =122 —ciz —cp.
—C T—C

Let us now assume that k > 2. We will use the Laplace expansion on the first column:

det(z] — A) = det



x -1 0 -1 0 ..0 0
= zdet 0 0 1 + (—1)%¢y det . L
—C; —Cy ... T—Cp_4 0 0 ...z -1
k=1
:x(mkl —Zciw’1> + (—1)kcy(—1)F 1
i=1
k=1
:xk—Zcixl
i=0

Claim: If X is an eigenvalue of p(z), then:
1. vy = (1, AAZNS L /\kfl)T is the corresponding eigenvector -
2. A= (Ai)zo is in S, as a solution to the recurrence relation z,,_, = Z CiThy
3. A =7n"(vy), where 7 is the isomorphism from above =
Proof: For 1, let us consider the vector Avy. For 1 <i < k — 1, the i-th entry of Av, is:
(A’UA)i =\ = A(vy)

k-1
For i = k, since A is a root, 0 = p(\) = A\F — Zci)\ia and
i=0

%

k—1
(Avy), = ;ci)\i =M =A(vy),,

Therefore, Avy = Av, as required.
For 2, note that for n > k:

A = )\nfk)\k
k—1
= Ank (Z ci)\i>
=0
k—1
_ Z ci)\n—k+i
=0

showing that X is a solution. The third claim follows form the definition of 7.

3.1. Returning to Fibonacci

Since we have a basis to .S, we may conclude that given the eigenvalues, we may create a general formula

=)

p(z) = z*

for any value n. For example, Fibonacci:

—z—1
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